
S u b s c r i p t s  

1 = light component 
2 = solvent 
i = general pure component 
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Laminar Dispersion in 
Capillaries: Part V. 
Experiments on Combined Natural and Forced 
Convection in Vertical Tubes 

N. S. REEJHSINGHANI and ALLEN J. BARDUHN 
S y r a c u s e  U n i v e r s i t y ,  Syracuse, New York 

WILLIAM N. GILL 
Clarkson College of Technology,  P o t s d a m ,  New York 

An approximote theory for transient dispersion with combined free and farced convection 
in vertical tubes is  developed and tested experimentally. It i s  found that the dispersion ca- 
eff icient in such systems depends on a parameter a, which i s  defined by Equation (38). The 
analytical expression developed for the dispersion coefficient, Equation (33), i s  found to be 
a reasonably goad approximation in  the range -50 < c( < 300. 

Experimental results are reported for o rather wide range of parameters for tubes with both 
11/2 and 5 mm. diameters, 

I t  i s  found that the extent of dispersion is  enhanced signif icantly when lighter f lu id  i s  on 
the bottom and displaces a heavier one. On the other hand, the dispersion Coefficient i s  in- 
hibited when the situation is reversed. I t  is  found that these effects are not symmetrical 
with respect to the absolute magnitude of the parameter a as i s  i l lustrated in  Figure 12. 

Work on dispersion in tubes (1 to 8, 11 to 13, 15 to 1 7 )  
has produced a very clear picture of this phenomenon in 
cases  where natural convection effects are negligible. I t  
remains to study the effects of density differences on dis- 
persion in tubes and eventually to apply this new knowl- 
edge to porous media, In a previous report (1)  i t  was indi- 
cated from the data on horizontal tubes that natural convec- 
tion can both depress and accentuate the observed dispersion 
coefficient substantially as compared with that predicted 
by laminar flow theory which neglects natural convection 

N. S. Reejhsinghani is with Monsanto Company, Springfield, 
Massachusetts. 

effects.  One would expect natural convection to play a 
substantially more important role in dispersion in vertical 
systems and therefore this process is  studied here. In this 
discussion a l l  flows are isothermal and density differences 
are caused solely by concentration differences. 

The exact  mathematical solution of the transient convec- 
tive diffusion equation with natural convection effects is 
very difficult to obtain s ince  the velocity profile will be 
distorted from the normal parabolic shape. Hence the un- 
steady momentum and diffusion equations must be solved 
simultaneously in order to describe the dispersion process. 
However, the analysis of the vertical tube is  simpler com- 
pared with that of the horizontal tube because of the sym- 
metry with respect  to gravity. 
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The present work was undertaken to develop a mathe- 
matical model for laminar dispersion in vertical tubes with 
density differences present,  and to investigate the parame- 
ters of the system; obtain experimental data  when the heavier 
fluid displaces  the lighter and vice versa over a wide range 
of variables involved; and examine the effect  of tube diam- 
eter, if any, under otherwise identical flow conditions. 

ANALYSIS FOR DISPERSION IN VERTICAL TUBES 

It can be shown that the dispersion process depends on 
the parameters 

N;, = a U,/D Nd, = a 0, p o / p  

N k r  = U $ / a g  N& = a ' g p  (c+ - CO*)/vz  
Of these,  the important parameters for the present system 
are N& N&, and Nd,. The Froude group is  assumed to 
have a negligible effect  on the system under consideration. 

The Froude number is  defined a s  the ratio of the inertial 
forces to the gravity force in the system and is  usually im- 
portant only when there is a free surface. In a completely 
submerged system, the effect  of gravitational force may be 
eliminated by the proper choice of the s t a t i c  pressure of 
the fluid. This  reasoning may not apply strictly here, how- 
ever, s ince i t  i s  not c lear  that  the initial interface between 
the two miscible solutions of different density does not 
have some of the properties of a free surface. I t  seems 
quite probable that inertial effects are significant in the 
unstable case  of the upward displacement of heavier by 
lighter fluid. 

To develop simple closed-form results which clearly in- 
dicate the most important features of the dispersion proc- 
e s s  in vertical tubes a successive approximation approach 
will be used. I t  i s  assumed that the flow is  axially sym- 
metric and laminar and due to the axial  symmetry, the dis- 
persion of solute will be independent of the angular co- 
ordinate. Also, for slow flows one can neglect inertial 
terms so that the velocity components can be taken as 
u = u ( t ,  r ) ,  u = 0 ,  w = 0 as an approximation for the solution 
envisaged, The equation of continuity i s  satisfied identi- 
cally, and the equations of motion and diffusion are 

(la) _ -  

d P  o = - -  
d r  

(1 c) 

where subscript  o refers to a reference s ta te ,  say the con- 
dition a t  the inlet, and 

- = 1 - / 3 ( C ' - C , ' ~  P 

P o  

and 

The boundary conditions are 

C (0, x, r) = 0 (initial condition) 
C ( t ,  0, r) = 1 (step change a t  inlet) 
C ( t ,  m, r) = 0 (no material a t  x = m if t finite) (3 ) 

ac ( t ,  X ,  0) = - ( t ,  x ,  a)  = 0 (symmetry a t  center; solidwall  
dr d r  a t  a) 

u(a) = 0, u(0) = finite 

In the formulation given above, a s t ep  change i s  used to 
describe the inlet  condition to the tube. This  condition 
describes the situation when the tube is  fed from a large 

we Il-mixed reservoir of uniform concentration. Equation (2) 
in a coordinate system moving with the mean speed of 
flow i s  

dC dC' - + ( u - U , ) - - = D  
a t  d x ,  

where 

x, = x - u,t 

In order to solve Equation (4) for the concentration distri- 
bution, i t  i s  necessary tom obtain the expression for the ve- 
locity distribution under the combined effect of forced and 
natural convection. 

SOLUTION FOR u 

As a f i rs t  approximation, i t  i s  assumed that (15, 16) 

where f ( r )  is  yet  to be determined. 
In solving the momentum equation, to eliminate a p / d x  

one can differentiate Equations ( l a )  and ( lb )  with respect 
to r and x, respectively,  and then equate the results for the 
second derivatives of p to ge t  

By using Equation (51, we: ge t  

(7) 

and this resul t  can be integrated to obtain 

where h is a constant  of integration. Since dC,/dx, i s  a 
function of t ,  i t  i s  convenient to use  the Duhamel theorem 
which s t a t e s  that 

u = $ l t  F ( t  - A, A, r ) d h  

if we define F by 

(9) 

where in Equation (10) the parameter A is  considered to be 
a constant. Now let  

F = F ,  (A, r )  - F ,  (A, t, r )  

where F ,  and F f  satisfy 

and 
d F ,  v d d F t  

- r  - 
d t  r dr a r  

_ = _  

F, (0, r )  = F ,  
Ft 

F ,  ( t ,  a) = - ( t ,  dr 0 )  = 0 

(12) 

I t  follows then by integrating Equation (11) and using 
Equation (9) to obtain u from F ,  that  the part of the ve- 
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locity that is  dominant for large values of time is Finally,  by substituting Equation (25) in Equation (19), 
one gets  

a’ 

4v 
U ,  - ~ ~ ( 0 )  = - -h y z  - 

Urn 
U ,  = 2Um (1 - y’) - -(4 - 1 8 ~ ’  + 18y4 - 4 y 6 )  (26) 

1152 

DETERMINATION OF THE DISPERSION COEFFlCl ENT 
where u,(O) is the velocity a t  the center of the tube and 
f ( y )  i s  determined in the following manner. If one substi- 
tutes Equation (5) into Equation (4) and, following Taylor, 
neglects terms involving higher order derivatives of C, 
with respect to xl, then one gets  

Now, to a first  approximation, using 

u = 2u, (1 - y’) 

one gets 

With the velocity distribution known to a first  approxima- 
tion, i t  remains to find the concentration distribution. For 
this purpose le t  

where g ( r )  i s  y e t  an undetermined function. g ( r )  repre- 
sentbs a second approximation, whereas f (r)  is  a f irst  ap- 
proximation in the concentration distribution expression. 
Equation (21, after multiplying by r and integrating with 
respect  to r on (0, a),  yields 

(28) 
d t  

f(0) isdetermined from the condition. Since C, = 2JO1 y C d y ,  
we see  that multiplying Equation (5) by y and integrating 
from 0 to 1, Equation (17) follows. 

and from inspection of Equation (28) the dispersion coef- 
f ic ient  is  clearly 

K = D - -  u g ( r ) r d r  (2 9) 

The function g ( r )  is obtained in the same manner a s  f ( r )  in 
Equation (151, and i t  i s  found that 

1’ f ( y ) y d y  = 0 (17) a: la 
and one obtains 

a’U, 
f(0) - ~ 

1 2 0  

so that 
where g(0) i s  determined from S,’g(y) y d y  = 0 to be 

a’U, 
a’U, + ctU,az (z) (1 8) 

g (0) = - - (31) 
4 0  2 3  

By substituting Equation (18) in Equation (14) one gets  1 2 0  11520  240 

4v 4uD d x ,  \16 1 2  12 1 ‘L’’ 

U ,  = 2 [’ u s y d y  
JO 

(20) ) (32) -+ y2 - - y 4  + -y6 - -yu 
aU,a’ 57 9 1  1 

11520 (- 240 8 2 16 

by substituting for u, from Equation (19) and integrating, i t  If Equations (26) and (32) are subst i tuted into Equation (29), 
follows that the dispersion coefficient, K,,,, which includes the ef- 

I - \ *  f ec t s  of buoyancy forces,  i s  given to a first  approxima- 
(21) tion by I 

11 -- - l + -  1---- ’” 192 ( 2880 
K n a r  

D where 

gpa4dC, /dx l  
a =  

u D  

Use of u s  (1) = 0 in Equation (19) yields 

(22) where 
a > 0 for heavy fluid on bottom 

< 0 for heavy fluid on top 

(23) 

and one can find h from Equations (21) and (23) to be 

In order to calculate a, dC,/dx, h a s  to be evaluated. For 
small buoyancy effects,  dC,/dx, calculated from Taylor’s 
solution (15) should give satisfactory results.  Since 

1 X, C - -erfc - given by 
, - 2  2 4 E  

i t  follows that (24) 

(34) 

(35) 
and then i t  follows that 

u,(O) = 2um 1 - - (2.5) ( :6) From Equation ( 3 9 ,  using the dimensionless quantit ies 
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xD 
(36) effects which will yield x variation of the velocity profile. 

The inclusion of inertial effects increases the complexity 
of the analytical problem very substantially. However, a 
first estimate of the effect of viscosity variations can be 

x =  - tD 7 : = -  
a2 ’ 2aZUm 

and Aris’ expression ( 4 )  for the dispersion coefficient 

K -= (1 + $) 
D 

one obtains the expression 

I N;e ( X  - T/2)’ 

4‘CU + N;,/192) 
exp-  [ 1 

If p is a constant then a can be written in the form 

g A P  dCm 
d4 

1 P a ~ ,  ax, a = - -  
16 VD 

16 

and 

Ncr  > 0 for heavy fluid on bottom 
< 0 for heavy fluid on top 

It is  obvious that t h e  value of obtained from Equa- 
tions (37) and (38) is not strictly constant. However, for 
the purpose of obtaining the simplest result which still de- 
scribes most of the important aspects of the effect of 
natural convection on the dispersion process, a can be 
written a s  

T y =  -. 
16vD 

(39) 

obtained relatively easily. 
Viscosity variation with concentration could have been 

considered in the present study by defining a function 4 
such that %=I Y [-]dY d&dy 

P/PO 

(37) Then the expression for q5 is  identical to that given by 
Equation (26) and the new us i s  given by 

To a first approximation, one finds 

The viscosity distribution calculated by this formula, in 
(38) conjunction with Table 1, shows that the variation for a 

given Ncr  is greater for runs at,higher NR= and smaller 
values of ‘C. For example, roughly a 5% variation occurs 
in run 4 with Ncr = 128 and it is about 2%% for run 5. In 
contrast, the variation is on the order of 0.3% for run 14. 
The viscosity effect is carried through to alter go.)) and K 

_. 
16 (%) 

where A x ,  = mixing length over which most of the concen- 
tration change takes place. If to a first approximation, the 
Taylor-Aris solution is used for calculating this mixing 
length for a 90 to 10% concentration change, the result is  

(40) 

In principle, then we should be able to predict the effects 
of natural convection due to concentrationdensity differ- 
ences by use of Equations (33), (391, and (40). 

I t  is  noted that the dispersion coefficient calculated 
from Equation (33) for positive values of a increases for 
values of a > 460, which i s  contrary to what is to be ex- 
pected. In view of the many simplifications made, it i s  
apparent that the above analysis would be valid only for 
small values of a where the buoyancy effects are rela- 
tively small. 

The conventional method of improving the analysis by 
making additional iterations to improve f(r) in Equation 5 
by use of Equation (15) is  probably not warranted unless a 
more refined model is used. Such refinements could in- 
clude viscosity variations with concentration and inertial 

a s  given in Equation (29), but in view of the small percent- 
age variation involved i t  seems safe to conclude that vis- 
cosity effects are not a dominant factor in the present 
experiments. 

As long a s  the natural convection effects are large (and 
in over 90% of our experiments the effects are greater than 
2070)~ the viscosity contribution can safely be neglected. 
In the majority of the runs the natural convection effects 
are pronounced and affect the dispersion coefficient by 
factors of 2 to 10. When the natural convection effects 
are small the viscosity corrections to the velocity distribu- 
tion should probably be carried through for improved 
accuracy. 

EXPERIMENTAL WORK 

Optical Method for Measuring Concentration 

The equipment used for measuring concentration of solute along 
the tube was the same a s  that used for horizontal tube experi- 
ments, the details of which are given elsewhere (11, 13). The 
main objective of the experimental work was to measure disper- 
sion when resident and invading fluids have different densities. 
Clearly, two basically different physical situations can exist 
wherein the heavy fluid can displace the lighter or vice versa. 
The displacing fluid always enters from the bottom of the tube. 

Selection of Solute 

One problem which was investigated rather thoroughly was that 
of finding a colored solution in which the density could be varied 
independently of the diffusivity and the optical characteristics, 
and it was found that the best  answer was to use two solutes, 
one colored and the other colorless. The two solutes should 
have the same diffusivity and the concentration of the colorless 
one should not affect the absorptivity of the colored one. The 
solutes should also have reasonable solubilities s ince it i s  de- 
sirable to vary the density widely. 

Pontamine blue dye, which was used for all our previous ex- 
periments, was unsuitable s ince i t s  diffusivity decreases mark- 
edly in the presence of s a l t s  (181, a s  indicated in Figure 13b. 

Solutions of KMnO,, &Cr,O, and water-soluble compounds of 
Cu, Fe,  Ni, and Co were tried. Absorbance data were obtained 
for various concentrations of these compounds in a 1.5-mm. I.D. 
capillary tube. Suitable Kodak-Wratten filters were used in each 
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case  in order to get the transmitted light in the wavelength band 
corresponding to the maximum absorption of light. These are a s  
follows: 

h,,,.. , m p ,  Kodak-Wratten 
Compounds (9, 10, 14) filter No. 

FeC1, - 6H,O 360 48+ 49B 
NiSO, 6H,O 650 70 

CuSO, * 5H,O 800 53 + 2s 

CoC1,. 6 4 0  510 74 
KMnO, 530 74 
K2 Cr * 0 7  460 48 + 49B 

In addition, some neutral density filters were also used to obtain 
the light intensity in the desired range of the instrument. 

It was observed from these data (see Figure 13a) that the ab- 
sorbance of solutions of the metals Cu, Fe,  Ni, and Co does not 
show appreciable change over a wide concentration range and 
thus they were found to be unsuitable. The optimum concentra- 
tions for KMnO, and K,Cr,O, solutions were found to be 1.0 and 
6 g./liter, respectively. An advantage of using K,Cr,O, solution 
i s  that high concentrations of the solute can be used, thereby 
giving higher values of the density-difference A p /p  between the 
displacing and displaced fluids. A s t i l l  higher value of A p / p  
could be obtained by addition of %SO4 of the required amount in 
the 6 g./liter solution of K,Cr,O,. 

The absorbance of &Cr,O, solution of a given concentration i s  
not affected by the amount of &SO4 added (see Figure 13b.) Also, 
the reported values of the diffusion coefficients of K,Cr,O, and 
K,SO, in distilled water are nearly the same and their variations 
over the concentration range are very small. The reported values 
of D (International Critical Tables, 5, 69) for both of these com- 
pounds are indicated below: 

q C r Z 0 7  K, so, 
Conc., D x lo5 (at 18OC.1, Conc., D x lo5 (at 2OoC.), 
g./liter sq. cm./sec. g./liter sq. cm./sec. 

2 
5 

15 

1.24 
1.17 
1.17 

0.9 
9 

4 s  

1.20 
1.10 
1.00 

Therefore it was decided to use K,Cr,O, (6 g./liter) in distilled 
water to displace or be displaced by K,SO, solutions of various 
concentrations depending upon the desired value of A p / p .  

Measurement of the D i f fus ion  C o e f f i c i e n t  of 
K,Cr,O, i n  K,SO, Solutions 

It was thought advisable to determine our own values of D for 
K,Cr,07 in K,S04 solutions. One of the methods for finding the 
diffusion coefficient i s  to use Taylor’s diffusion equation, when 
two fluids of equal density and viscosity displace each other 
under the restrictions found previously from our numerical and 
experimental work on horizontal tubes ( 2 ,  131, that the dimension- 
less  time of flow T ( = t D / a Z )  be greater than 1 and Peclet number 
be greater than 100. Taylor’s equation i s  written a s  

PONTAMINE DYE -DIST WATER SYSTEM 
-NUMERICAL SOLUTION for NO NATURAL CONVECTION 

1 (x - U t )  a Z U Z  
C, = - erfc - , k = -  

2 GK 48 D 

The mixing length (L‘)  for 10 to 90% concentration change is  
found from the above equation a s  k = L”/(l3.lt). Hence, for a 
given Peclet number and time of flow, values of D can be calcu- 
lated by measuring this  mixing length. For Peclet numbers less  
than 100, Aris’ modification of the dispersion coefficient 
K = k + D should be used for finding the value of D. 

Displacement experiments were carried out in 1.5-mm. I.D. 
horizontal tubes. A maximum of three tubes was used in series. 
In these experiments, K,Cr,O, solution (6 g./liter) displaced 
&SO, solution (5.3 g./liter). The experimental procedure for 
these runs was exactly the same a s  that used in the previous 
work on horizontal tubes. The density difference Ap/p for the 
two solutions was measured to be 1.4 x lo4. 

The data from these runs were plotted on probability paper, a s  
concentration vs. distance in centimeters from the tube inlet. 
Most of the data points were found to lie on a straight line, and 
met the symmetry criterion of having 50% concentration at the 
point w/(2Ut)= 0.5, where x i s  the distance from the inlet. The 
distances, corresponding to the concentration change from 10 
to 9070, were measured from these graphs and then the values of 
the dispersion coefficient k were calculated with Taylor’s 
equation. 

It was also desirable to know the variation of D in a lower 
concentration range. Hence, some experiments were conducted 
in which &Cr,O, solution (3 g./liter) displaced K,S04 solution 
(2.65 g./liter). The value of Ap/pfor these two solutions was 

measured to be 1.07 x lF4. Within the experimental accuracy, 
values of D,bs were about the same a s  those in the former case. 
An average value of D for all these runs was thus taken to be 
1.08 x sq. cm./sec. From this the average Schmidt number 
was found to be 893. 

Experiments i n  V e r t i c a l  T u b e s  

Displacement experiments were carried out in 1.5- and 5-mm. 
I.D. capillary tubes; the length of each tube was about 85 cm. 
They were connected to the syringe through a bent capillary 
piece, one end of which was connected to the syringe tip and the 
other end was joined to a g lass  joint about 2 cm. long which had 
ground ends, and an inside diameter equal to the outside diameter 
of the capillary tube. The straight dispersion tube also had a 
ground end which fitted this  joint. The injection system used in 
the displacement experiments was the same a s  that used in the 
horizontal tube experiments. 

Calibration curves for Pontamine dye and K,Cr,O, solution 
were prepared separately. Recalibrations were made whenever 
changes in the light source were made. One-hundred percent con- 
centration for Pontamine dye and K,Cr,O, corresponds to 0.2 
and 6 g./liter, respectively, in 1.5-mm. tubes. For 5-mm. tubes, 
100% concentration of K,Cr,O, i s  2 g./liter. 

In the preparation for an individual run, the tube was filled 
with the fluid to be displaced and the top end was sealed to pre- 
vent drainage. The tube was then held vertically in the angle 
section of the optical system by clamps and joined to the syringe 
connection while care was taken to  avoid air entrapment at that 
section. After the entrance end of the tube was connected to the 
syringe connection, the seal  at the other end of the tube was 
then broken. The two fluids, that is, in the syringe connection 
and in the capillary tube, formed a reasonably sharp interface of 
only a few millimeters width, thereby providing a s tep change 
condition for the inlet of solute. The displacement was carried 
out for a given length of time and after the flow was terminated, 
the discharge end of the capillary tube was sealed again. The 
tube was detached from the syringe connection and concentration 
of solute was measured along i ts  length by sliding the tube in the 
vertical angle section. 

EXPERIMENTAL RESULTS 

I t  was desired to make some runs a t  f irst  with two solu- 
tions of equal densi t ies  in order to compare the resul ts  
with those of t h e  horizontal tubes. Plots of concentration 

(xi a3 0.5 a7 as 
X/r 8 DIMENSK)NLESS WANCE/DIMENSWLESS TIME 

Fig. 1. Comparison of experimental data with theory for dispersion 
in vertical tubes when natural convection is essentially negligible. 

The agreement is considered to be excellent. 
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Fig. 2. Effect of Groshof number on dispersion in vertical tubes a t  
smalf values of t where molecular diffusion play a minor role. Note 
that natural convection inhibits axial dispersion most profoundly in 

the region nearest to the forward end of the paraboloid.. 

vs.  X / T  on probability coordinates in Figure 1 correspond 
to the case  in which Pontamine dye (0.2 g./liter) displaced 
disti l led water. Some runs were a l so  made with K,SO, 

No. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

T 

0.0825 
0.241 
0.0825 
0.241 
0.93 
0.93 
2.8 
6.2 
2.8 
6.2 

12.4 
6.2 

12.4 
37 

N P e  
14,000 
5,050 
1,680 
1,680 
1,680 

234 
234 
234 

89 
89 
89 

26.8 
26.8 
26.8 

Q46 048 ax, 0.52 054 
X h  - DIMENSIONLESS MSTANCE/MMEWIONLESS T I M  

Fig. 3. Effect of Grashof number on dispersion in vertical tubes 
after long times of flow when molecular diffusion has played an 

important role. 

(5 .3  g./liter) displacing K,Cr,O, (6 g./liter) in the capillary 
tube. These resul ts  satisfied us that  there were no experi- 
mental difficult ies in obtaining identical dispersion results 

TABLE 1. COMPARLSON OF EXPERIMENTAL DATA WITH THE MATHEMATICAL ANALYSIS 

(Vertical 1.5-mm. tube) 

Ax,/d 

388 
294 
43.5 
98 

211 
29.5 
51.2 
76.2 
19.7 
29.4 
41.5 

9.8 
13.9 
24 

A(X/dnUm 
for 90 to 10% 
conc. change 

0.635 
0.49 
0.635 
0.49 
0.27 
0.27 
0.154 
0.102 
0.158 
0.108 
0.076 
0.12 
0.086 
0.049 

Nc,=+ 128 N x c  = 893 

a A (X/T)obs Knat /Knum Kobs’Knum 

18.4 0.63 0.93 0.98 
24.3 0.465 0.91 0.90 

165 0.475 0.48 0.56 
73 0.41 0.74 0.70 
34 0.241 0.87 0.80 

242 0.15 0.31 0.31 
140 0.0945 0.55 0.38 
94 0.082 0.67 0.65 

363 0.087 0.165 0.31 
243 0.066 0.33 0.3 7 
172 0.047 0.48 0.38 
728 0.107 0.58 0.79 
515 0.061 0.33 0.61 
298 0.0375 0.39 0.59 

N G ~  = - 128 N s c  = 893 - 
a A(X/T)obs Knat/’Knum Kabs/Knum 

18.4 0.645 1.07 1.03 
24.3 0.555 1.10 1.28 

73 0.595 1.30 1.48 
34 0.285 1.13 1.11 

242 (?) 2.17 
140 0.2875 1.61 3.48 
94 0.468 1.40 9.3 

363 0.75 2.89 22.6 
243 0.37 2.14 11.8 
172 0.20 1.77 6.92 
7 28 (?) 4.92 
515 0.585 3.43 46.4 
298 0.186 2.19 14.4 

165 (?) 1.74 

(?) (x/‘dObs could not be measured for 90 to 10% concentration change. 

1 
2 
3 
4 
5 
6 
I 
8 
9 

10 
11 
12 
13 
14 

111 
155 

1,045* 
465 
216 

1,550* 
890* 
598 

2,310* 
1,550* 
1,100* 
4,640* 
3,280* 
1,900* 

0.475 
0.3025 
0.206 
0.116 
0.152 
0.068 
0.0375 
0.0283 
0.0545 
0.037 
0.022 
0.084 
0.0525 
0.0268 

0.61 0.56 
0.51 0.38 

0.12 0.13 
0.37 0.32 

0.105 

0.064 
0.059 

0.213 0.077 
0.119 
0.118 
0.084 
0.49 
0.37 
0.30 

248 
3 26 

1,520* 
890* 
455 

3,260* 
1,880* 
1,260* 
4,880* 
3,270* 
2,310* 
9,780* 
6,900* 
4,000* 

0.385 
0.2275 
0.210 
0.118 
0.093 
0.064 
0.0425 
0.0202 
0.0605 
0.035 
0.0172 
0.086 
0.048 
0.026 

*Mathematical analysis does not apply for high values of M .  

0.31 0.37 368 
0.195 0.216 486 

0.11 2,270* 
0.059 1,320* 

0.056 4,850* 
0.076 2,790* 
0.039 1,870* 
0.147 7,250* 
0.105 4,860* 
0.051 3,440* 
0.51 14,550* 
0.31 10,300* 
0.28 5,050* 

0.123 0.12 678 

0.3275 
0.180 
0.140 
0.101 
0.086 
0.0505 
0.0245 
0.017 
0.055 
0.0305 
0.0148 
0.085 
0.0465 
0.0248 

0.16 0.265 
0.056 0.135 

0.048 
0.042 

0.32 0.102 
0.035 
0.025 
0.028 
0.12 
0.08 
0.038 
0.50 
0.29 
0.25 
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TABLE 2. C O M P A R I S O N  O F  EXPERIMENTAL DATA WITH THE MATHEMATICAL A N A L Y S I S  

(Vertical 5-mrn. tube) 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

0.0825 
0.0825 
0.241 
0.0825 
0.241 
0.93 
2.8 
0.93 
6.2 

12.4 
6.2 

4,500 118 0.635 66 
1,350 36 0.635 218 
1,350 80 0.49 98 

720 19 0.635 414 
225 13.2 0.49 590 
225 28.5 0.27 27 4 
90 20 0.158 392 
45 6.3 0.28 1,270* 
27 9.9 0.12 788 
27 14 0.086 556 

9 5.4 0.195 1,460* 

0.595 
0.425 
0.37 
0.41 
0.31 
0.144 
0.084 
0.166 
0.0605 
0.053 
0.158 

*Mathematical analysis does not apply for high values of a 

No. 

1 
2 
3 
4 
5 
6 
7 
8 

T N P e  

0.0825 4,500 
0.0825 1,350 
0.241 1,350 
0.241 225 
0.93 225 
2.8 90 
6.2 27 

12.4 27 

A x , / d  

118 
36 
80 
13.2 
28.5 
20 
9.9 

14 

A(X/.c),,, 
for 90-10% 

conc. change 

0.635 
0.635 
0.49 
0.49 
0.27 
0.158 
0.12 
0.086 

Nsc = 842 

Knar/Knum Kobs/K nurn 

0.93 0.88 
0.36 0.45 
0.66 0.57 
0.133 0.42 
0.193 0.40 
0.265 0.285 
0.16 0.28 

0.35 
0.66 0.255 
0.34 0.38 

0.66 

N G ~  = 2540 

c( A(X/r),bs 
1,150* 0.204 
2,680* 0.096 
1,560* 0.070 
5,040* 0.084 
9,400* 0.083 
4,790* 0.031 
6,840* 0.0305 

22,100* 0.135 
13,700* 0.0545 
9,700* 0.0435 

25,200* 0.182 

N s c  = 856 

Knac/Knurn Kobs/Knum 

0.103 
0.023 
0.0205 
0.0175 
0.029 
0.013 
0.037 
0.23 
0.206 
0.26 
0.87 

N G ~  = - 148 N s c  = 842 

c( A (x/T)obs Knat/Knnrn Kobs/Knum 

66 0.88 1.44 1.58 

98 0.84 1.42 2.94 
218 (? ) 

590 (?) 
274 (? ) 
392 0.75 3.1 22.5 
788 (9 
556 (?I 

(?) A(X/'T)),bs could not be measured for 90 to 10% concentration change. 

with either vertical or horizontal systems a s  long a s  no 
natural convection effects were present. 

Some of the data obtained in 1.5-mm. tubes with two 
fluids of different densit ies are plotted on probability co- 
ordinates in Figures 2 to 6. The ordinate represents the 
concentration of the displacing fluid injected from the 
syringe. In these experiments, K,Cr,O, solution (6 g./liter) 
and K2S04 solutions of different concentrations were used, 
a s  indicated in the table below. Density and viscosity 
data for the two solutions (at 25OC.) were obtained from 
International Critical Tables  (3, 88, 92). 

Conc . , v x lo2 N G ~  in 
Solute g./liter p,  g./ml. A p / p x  lo4 sq. cm./sec. 5-rnm. tube 

&Cr,O, 2.00 0.99843 - 0.90 - 
&SO4 1.82 0.99853 1.0 0.92 148 
&SO, 3.92 1.00021 17.8 0.95 2,540 

X h  * DIMENSIONLESS DISTANCE/UMENSONLESS TIME 

Fig. 4. Comparison of  results of dispersion experiments with 1 %- 
and 5-mm. tubes a t  small values o f t .  

Experimental data  were obtained for the 5-mm. tube a t  
various T and Np, values for both Grashof numbers when 
the heavier fluid was on the bottom, but only for N G ~  = - 148 

Conc., u x 102, N G ~  in 
Solute g./liter p ,  g./ml. A p / p x  l o 4  sq. cm./sec. 1.5-mm. tube 

&Cr,O, 6 1.00146 - 0.918 - 
K2S04 10 1.00506 36 1.015 128 
&SO4 35 1.02475 230 1.045 810 
%SO4 70 1.05165 490 1.088 1,700 
h S 0 ,  105 1.07782 735 1.1132 2,510 

Experimental data were obtained in the  1.5-mm. tube at 
given T and Np, values for the four different Grashof num- 
bers above, for the case  when the heavier fluid displaced 
the lighter one (that i s ,  lighter fluid on top). The value of 
the Grashof number was calculated on the bas i s  of an aver- 
age value of the viscosity and density of the two fluids. 
For the case  when the lighter fluid displaced the heavier 
one (that is ,  heavier fluid on top), data were obtained only 
for N G ~  = - 128. 

Complete tabulated and plotted data may be found else- 
where (12) where T varied from 0.08 to 37 and N p ,  varied 
from 14,000 down to 27, but the shorter times are associated 
with the higher Np,. 

I t  was desirable to obtain data in the 5-mm. tube a t  the 
same values of N G ~  a s  those used in the 1.5-mm. tube to 
see if the tube diameter is  a parameter of the system a s  
appeared to be the case  in our earlier work with horizontal 
tubes. By adjusting the densi t ies  of the solutions used, 
two pairs were made up so that the N , ,  in the 5-mm. tube 
equalled a s  nearly a s  possible the highest  and lowest NG, 
in the 1.5-mm. tube. The solution properties are shown in 
in the table below and Ap/p are the measured values.  
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I DISPERSION IN I TUBE SIZE 
VERTICAL TUBES 

99 

5 
P 
3 

90 
z 

8 

Ex, 
3 
I- z W 

E n 
1, 10 

i 

0.3 'I X h  8 DIMENSIONLESS DISTANCE/DIMENWNLESS TIME 

Fig. 5. Comparison of results of dispersion experiments with 1 % -  
ond 5-mm. tubes a t  intermediate values of t. 

when the heavier fluid was on top. These data are plotted 
on probability coordinates in Figures 4 to 6. The ordinate 
represents the concentration of the displacing fluid. Addi- 
tional tabulated and plotted data  may be found elsewhere (12), 
where in T varied from 0.08 to 12.4 and Np, varied from 
4,500 to 9. 

The range of data  for the two tube s i z e s  was  restricted 
by the physical limitations of the apparatus. However the 
data  were taken systematically a t  each Grashof number 
so that: (1) a range of T was covered for several, essen-  
tially fixed, Np,; (2) a range of Np, for fixed 'c was  studied; 
and (3) data  for the 5- and 1.5-mm. tubes overlap signifi- 

I I I 

DISPERSION IN TUBE SIZE 
VERTICAL TUBES 

99--r 

6 '  s \  
p o  

I - 

- 
z W 

a W 5 0  

z 
- 

I- 

w H 
n 
" 10 - 
0 

8 

I- 

- 
C 

UERICAL SCUJTION for 

*-O- 
t) 

> 0.48 a% a52 
Ch = DIMENSIONLESS DISTANCE/MMENSK)NLESS TIME 

Fig. 6. Comparison of results of dispersion experiments with 1%- 
and 5-mm. tubes a t  large values o f t .  

I I I 1 

- PEQET NUMBER. Np, 
a 0' lo. 10' @ 

0.01 

Fig. 7. Effect of Npe and t on mixing length in 1%- and 5-mm. 
tubes a t  Ncr = 130. 

cantly a t  essent ia l ly  fixed T and N p e ,  so that a l l  three 
parameters were fixed for several  pairs of runs in the large 
and small tubes. 

DISCUSSION OF RESULTS AND CONCLUSIONS 

Experimental data,  which were taken over a wide range 
of variables,  for dispersion in vertical tubes with natural 
convection are plotted on probability coordinates in Fig- 
ures 1 to 6. These plots compare the experimental results 
with the numerical solution obtained in Par ts  I and I1 (2, 3) 
for no natural convection. When reference i s  made to the 
numerical solution in subsequent discussion, i t  is under- 
stood that natural convection was neglected in obtaining it. 
Clearly, in the c a s e s  shown in Figure 1, natural  convection 
i s  essent ia l ly  negligible and the theory and experiments 
agree very well. 

The data  in Figures 2 and 3 differ significantly from the 
numerical solution for larger values of N G , .  Note that for 
the heavy fluid on the bottom (c( > O), the mixing length 
over which appreciable concentration change takes place 
decreases  a s  N G ,  increases  a t  a given T and Np,. This  
i s  correctly predicted by Equation (33) and by the expres- 
sion for the velocity profile, Equation (261, which indicates 
that the velocity profile is  flattened and thus causes  less  
dispersion to occur. For the light fluid on the bottom 
(c( < 0), velocity is  enhanced in the center and retarded 
near the wall. Hence this elongated velocity profile in-  
creases  dispersion. 

I t  i s  obvious that a heavier fluid on top of, and being 
displaced by, a lighter one is  an unstable situation in 
which natural convection would be expected to play a major 
role. Perhaps i t  is not as obvious intuitively that natural 
convection will inhibit dispersion when a heavy fluid dis- 
places a l ight one in a vertical system. However, one can 
understand easily that this i s  exactly the behavior which 

5 
I 

0 

O.M, / 0' GJ w lo. 

- PECLET NWBER. Np, 

Fig. 8. Effect of Np. and t on mixing length in 1Yz- and 5-mm. 
tubes o t  Ncr = 2,520. 
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I I I 1 
OUl I) 0. IT lo4 IT -* 

Fig. 9. Effect of Ncv/Nec and NP, on mixing length in 11/2- and 
5-mm. tubes a t  small values of t. Note that results are essentially 

independent of Np,. 

I. 

3 
1 

OJ 

should be observed by considering that a t  small values of 
pure laminar convection causes  a paraboloid finger of the 

displacing fluid to grow into the displaced fluid. Thus the 
central core is made rich in displacing fluid by convection. 
Subsequently, transverse molecular diffusion reduces the 
radial concentration gradients. Since the highest  concen- 
tration of displacing, or bottom, fluid ex i s t s  in the central 
core, gravity will accelerate this core if the lighter fluid i s  
on the bottom and retard the core if the heavier fluid is  on 
the bottom. In the former case ,  the velocity profile is  ob- 
viously elongated and with the heavier fluid on bottom i t  is  
flattened. Consequently, if the lighter fluid i s  on bottom, 
the dispersion coefficient should be increased by natural 
convection; if the heavier fluid i s  on bottom the dispersion 
coefficient i s  decreased. 

The observed dispersion coefficients are shown in 
Tables 1 and 2 and are compared with those calculated 
from Equation (33) a s  well a s  from the numerical resul ts  
for no natural convection. The data  are a lso plotted in 
Figure 12. The ratio K,b,/K,,, i s  equal to the square of 
the ratio of the corresponding lengths over which 90 to 10% 
concentration change takes place. When the concentration 
vs. X/T plot i s  not a straight line on the probability graph, 
this is  merely a number useful mainly for comparison. In 
determining the values of c1, A x , / d  was calculated with 
Equation (40) for T > 1, and for T < 1, i t  was calculated 
from the numerical solution for no natural convection. 

In Tables  1 and 2 the adjacent columns of K ratios 
should be identical if Equation (33) holds, and the extent 
to which they differ is  a measure of the inadequacy of the 
equation. 

As expected, the experimental results and mathematical 
analysis agree quite well for small values of a only. The 

I I I I 

I I I I 1 
I) I)' IT lo. IT 

-5  
b 

Fig. 10. Effect of N G J N R ,  on experimental mixing length results 
for 1 %- and 5-mm. tubes a t  -c = 0.93. 

LWSPERSKX in VERTICAL nsES 1 .& k, 

bes t  f i t  l ies  in the region -50 < < +300. One would also 
expect the analysis  to be adequate only for relatively large 
values of T a s  is the case  when natural convection is  
negligible. For large values of a, this analysis  does not 
describe the phenomena adequately due undoubtedly to the 
many simplifying assumptions made. 

I t  can be seen in Figures 4, 5, and 6 that the experimen- 
ta l  resul ts  obtained in the 1.5- and 5-mm. tubes a t  essen- 
tially the same values of N G ~ ,  N p e ,  and T ,  agree reason- 
ably well a t  high Peclet  numbers but differ to some extent 
a t  low Pec le t  values.  Th i s  tends to verify the conclusions 
of the dimensional analysis which showed that only three 
dimensionless groups are important and that tube s ize  is 
not a parameter. The Schmidt number was not varied in 
these experiments. 

In Figures 7 and 8 plots of L / f i v s .  N p ,  are made for 
Nc7 = 130 and 2,520, respectively.  It i s  observed that 
these plots,  for a given value of T, pass  through a minimum 
and approach the numerical solution asymptotically both a t  
very high and very low values of N p , .  At high N p ,  val- 
ues ,  the amount of solute transported by forced convection 
greatly exceeds that by pure axial diffusion and natural 
convection combined, that  is, the high forced velocities 
make the small natural convection velocit ies unimportant. 
However, a t  very low values of N p , ,  the explanation is not 
a s  clear. With the heavy fluid on the bottom and a t  zero 
velocity ( N p ,  = 0) the only mechanism for dispersion i s  

DSPERSION IN VERTKAL TUBES 
WITH NATURAL CONVECTION 

CCAFARIMII of UPERIMENTAL lunp 
dlh  ANALYTICAL SOLUTKJN .EQ IS31 . Np.>ZOO 

o N p r = S O  

a ~ ~ - 2 7  

Fig. 12. Comparison of experimental data with the anatytical solu- 
tion developed in the present work. The lines for various Np, rep- 
resent the ratio of the dispersion coefficient predicted by Equation 
(33 )  to that determined numerically by neglecting natural convection. 

As expected, agreement is better a t  smaller values of a. 

Page 108 AlChE Journal January, 1968 



A-ABSORBANCE OF T N  SOUlTlON 

A,; A B W B A N C E  OF MST. WATER 

09 

3 

a2 

‘0 3 6 9 12 15 18 21 24 : - CONCENTRATK)N, F./liia 

COW. WRYNG 
\{X2CI2O,: 6 pm./lit. 

NOCl CONC VARYING 

0.1 - 
0 5 10 I5 20 25 30 35 40 45 

-CONCENTRATION OF K,SO, w NoCl , grn./lilw 

Fig. 130 ( top)  and 136 (bottom). 

pure molecular diffusion, and one would then expect the 
solutions with and without natural convection to be identi- 
cal. Also, one would expect this condition to be approached 
a s  N p ,  approaches zero. At our lowest velocit ies,  how- 
ever, ( N p ,  = 9 and T = 6) we are not yet in the region 
where we would expect the natural convection data to be 
negligible. Note, however, in Table  2 that  Kob,/l<,,, 
changes rapidly from 0.255 to 0.66 in runs 9 and 11 as 
N p ,  changes from 27 to 9 and thus the effect  of natural 
convection has  diminished markedly a s  N p ,  is  lowered in 
this range. 

In Figures 9 to 11, plots of L / d T v s .  N,,/NR, are made 
for various values of T. Note that the points approach the 
numerical solution asymptotically a s  N G ~ / N R ~  -+ 0 a s  
expected. In Figure 9, all  the data lie on a single curve 
for the N p ,  range of 720 to 14,000 a t  T = 0.0825, whereas 
in Figures 10 and 11 the effect  of decreasing N p e  a t  a 
given value of T i s  marked. One may a l so  note from these 
plots the effect  of increasing T a t  a given value of Np, .  
For example, a t  Np, = 1680, the values of L /dT increase 
a s  2 increases from 0.0825 to 0.93. However, a t  small 
Peclet  values,  for example, a t  Np, = 27, the opposite ef- 
fect  i s  observed when T increases  from 6.2 to 37. At 
intermediate values of N p e ,  the effect of increasing T is  
irregular, 
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a = radius of the tube 
C+ = point concentration 
~ , f  = initial concentration of the solute + + 

C = dimensionless point concentration, C /C, 
C, = dimensionless average concentration across  the 

AC, = dimensionless concentration change equal -1 for 
tube section 

100 to 0% change 

d = diameter of the tube = 2 a  
D = molecular diffusion coefficient 
g = gravitational component perpendicular to earth’s 

k = dispersion coefficient of Taylor = a 2 U 2 / 4 8 D  
K = dispersion coefficient of Aris = D + k 

K,,, = dispersion coefficient as defined by Equation (33) 
L = dimensionless mixing zone length = DL’/(2a2Um) 
L’= mixing length = Ax between C ,  = 0.1 to 0.9 

r = radial distance 

surface 

N F ~  = Froude number = U;/(dg) ;  the same groups de- 
fined by using the radius a instead of the diameter 
d are denoted with primes. 

N p ,  = Peclet  number = d U m / D  
N s c  = Schmidt number = v / D  
Ncr = Grashof number for mass  transfer 

N R ,  = Reynolds number = d U m / v  
= d3g@(C+ - C o t ) / ~ 2  = d 3 g ( A p / p ) / v 2  

t = time of flow 
U ,  = bulk mean velocity = CI 

t ions,  respectively 
u, v, w = components of the velocity vector in x, r, 8 direc- 

us = steady s ta te  velocity in the axial  direction 
x = axial  distance along the tube 

X = dimensionless axial  dis tance = Dx/2aZUm 
y = dimensionless radial  distance = r/a 

XI = x - U m t  

Greek Letters 

A = incremental value of any variable 
v = kinematic viscosity of the solution 
p = density of the solution 
p = viscosity of the solution 

= dimensionless time = tD /aZ  
Ap/p = 2 (pl - p,)/(p, + p2j 

LITERATURE CITED 
1. Ananthakrishnan, V., R. D. Mikesell, R. J. Nunge, N. S .  

Reejhsinghani, W. N. Gill, and A. J. Barduhn, Ann. Rept. Sub- 
mitted to O f f i c e  Saline Water, U. S. Dept. Interior, O.S.W. 
Grant No. 302 Apr., 1966). 

2. Ananthakrishnan, V., W. N. Gill, and A. J. Barduhn, AIChEJ., 
11, 1063 (1965). 

3. Gill, W. N., and V. Ananthakrishnan, ibid., 12, 906 (1966). 
4. Aris, Rutherford, Proc. Roy. SOC. (London), 235A, 67 (1956). 
5, Bailey, H. R., and W. B. Gogarty, ibid., 269A, 352 (1962). 
6. Bosworth. R. C. L.. Phil. Mae.. 39. 847 (1948). 
7. Bournia, ‘A., J .  Coull, and-d.  Houghton, Proc. Roy. SOC. 

8. Evans, E. R., and C. N. Kenney. tbid. ,  284A (1965). 
f londoni ,  261A, 227 (1961). 

.. 
9. “International Critical Tables,” 5, 327. 

10. Kasline, C. T., and M. G. Mellon, Ind. Eng. Chem. Anel. Ed., 
8 ,  No. 6, 463 (1936). 

11. Nunge, R. J., V. Ananthakrishnan, N. S .  Reejhsinghani, A. J. 
Barduhn, and W. N. Gill, O.S.W. Res .  Develop. Progr. Report, 
No. 129 ,  U. S. Dept. Interior (Sept., 1965). 

12. Reejhsinghani, N. S., R. Latini, P. D. Agrawal, A. J. Bar- 
duhn, and W. N. Gill, O.S.W. Res.  Develop. Progr. Report, 
No. 204, U. S. Dept. Interior (Aug., 1966). 

13. Reejhsinghani, N. S., W. N. Gill, and A. J. Barduhn, AIChE J . ,  

14. “Tables of Spectrophotornetric Absorption Data of Compounds 
Used for the Colorimetric Determination of Elements,” Butter- 
worth, London (1963). 

15. Taylor, G. I., Proc. Roy. SOC. (London), 219A, 186 (1953). 
16. /bid.. 225A. 473 (1954). 

12, 916-921 (1966). 

17. VanDeernter, J. J., J .  J. Broeder, and H. A. Lauwerier, Appl. 

18. Volko, E., Trans. Faraduy SOC., 31, 230 (1935). 
Sci. Res. ,  AS, 374 (1956). 

Manuscript received October 19, 1966; revision received March 22,  1967; 
paper accepted March 27, 1967. Paper presented at AlChE Detroil meeting. 

Vol. 14, No. 1 AlChE Journal Page 109 




